Previously unknown phenomena, scale, and kinetic effects are revealed by introducing the finite width ξ of the particle-exterior interface as the additional scale parameter and thermally activated melting in the phase field approach. In addition to traditional continuous barrierless premelting and melting for ξ = 0, barrierless hysteretic jumplike premelting (melting) and thermally activated premelting (melting) via critical nucleus are revealed. A very rich temperature θ -ξ transformation diagram is found, which includes various barrierless and thermally activated transformations between solid, melt, and surface melt, and complex hysteretic behavior under various temperature and ξ trajectories. Bistable states (i.e., spontaneous thermally activated switching between two states) between solid and melt or surface melt are found for Al particles. Strong dependence of the melting temperature (which, in contrast to previous approaches, is defined for thermally activated premelting and melting) for nanoparticles of various radii on ξ is found. Results are in good agreement with experiments for Al for ξ = 0.8-1.2 nm. They open an unexplored direction of controlling surface melting and melting or solidification by controlling the width of the external surface and utilizing predicted phenomena. They also can be expanded for other phase transformations (e.g., amorphization, solid-solid diffusionless, diffusive, and electromagnetic transformations) and phenomena, imbedded particles, and mechanical effects.
I. INTRODUCTION
The melting or solidification of nanoparticles and surfaceinduced premelting and melting are fundamental problems with significant applied interest. Thus, melting, amorphization, and recrystallization of nanostructures are the main processes in the phase changed materials utilized in memory devices [1] and energy-saving technologies [2] . Melting plays an important role in the combustion of nanoparticles [3] . Surface melting (SM) increases reactivity of substances (e.g., explosives [4] ) and leads to a reshaping of nano-objects [5] . It also leads to a transformation from one solid phase to another [5] , which otherwise cannot nucleate. Fundamental interest is related to understanding the behavior of materials with comparable bulk and surface energy, size-dependent melting at temperatures θ , when bulk melt is completely not only deeply in the region of stability of solids, but even unstable [6] [7] [8] [9] [10] [11] [12] , an appearance of the few-nm-size premolten and molten surface layer much below bulk melting temperature θ e [6] [7] [8] [9] [11] [12] [13] [14] [15] , melting of the particles with size comparable to the width of solid-liquid interface and surface melt, which may be in the heterogeneous intermediate state between solid and melt [6] [7] [8] [9] 12] , and spontaneous switching between solid and melt in the few-nm-size particles leading to a bistable state [9, 16, 17] . While molecular dynamics (MD) can in principle handle some of the above problems [9, 18] , the phase field approach is an ideal continuum tool to study all the above phenomena. It utilizes thermodynamic and kinetic parameters (determined by experiment and MD) and can be used at larger time and space scales than MD. In some cases (see Ref. [7] and here) it * Corresponding author: vlevitas@iastate.edu gives an even better description of the melting of nanoparticles than MD. The reason is that PFA is based on and calibrated by thermodynamic functions in bulk and kinetics of interface, and nanoscale features are included through interface energy and width, which is a few interatomic distances thick. Despite the significant progress made in phase field approach to the melting of nanoparticles [7, 8, 12] there are two important drawbacks: (a) while the phase field approach resolves finite width interfaces and the surface molten layer, the external surface is considered as the sharp one, while it has comparable width ξ ; (b) the possibility of thermally activated nucleation via critical nucleus (CN) was not considered. Recently [19] we developed the phase field approach for martensitic transformations, which resolves a finite width ξ of the plane external surface and revealed multiple coupled effects of ξ and mechanics and morphological transitions in the surface layer. While these effects and transitions are not relevant for melting, here we advanced a theory [19] for the description of barrierless and thermally activated melting of nanoparticles and applied it to predictions and the comprehensive study of previously unknown scale and kinetics effects. Note that ξ is the width of a phase interface between solid (melt) and gas or surrounding medium, similar to the width of the interface between solid and melt, or any phase interface. It can be varied by changing external media and by surface treatment.
It is found that this neglected parameter,¯ ξ = ξ / η , where η is the equilibrium width of the solid-melt interface, strongly affects the melting temperature for barrierless and thermally activated melting for nanoparticles of any radius R. In fact, for small η melting temperature slightly reduces with increasing¯ ξ . There is a critical¯ with increasing¯ ξ . This is caused by the disappearance of barrierless SM, i.e., the particle remains solid until it completely melts. However, for¯ ξ >¯ * ξ , another stable nanostructure for the SM layer appears, which cannot be reached barrierlessly but can be achieved by thermal activation, provided that the kinetic nucleation criterion is met. Consequently, one more unstable nanostructure for the SM is found, which represents a critical nucleus between solid and SM. While at relatively high temperatures the critical nucleus covers part of the surface, it unexpectedly transforms to a spherical shell with reduced temperature. In the range¯ c ξ <¯ ξ <¯ k ξ between two other critical widths, a double transformation occurs; first, the solid transforms to a SM, then the SM transforms to melt, both via critical nuclei. Above¯ k ξ , the SM ceases to exist and surface critical nucleus leads directly to complete melting. One more regime of surface melting below¯ * ξ and above the other critical width¯ d ξ represents a jumplike (discontinuous) appearance and disappearance of the molten layer, which causes temperature hysteresis in transformations between solid and surface melt. Also, for small ξ and even for the sharp external surface, when barrierless melting through continuous or discontinuous surface melt is possible, thermally activated melting occurs below the barrierless melting temperature; e.g., for Al nanoparticles with radius R = 5 nm, by 5.4 K for small¯ ξ ; for largē ξ , the difference between barrierless and thermally activated melting temperatures is much larger (e.g., reaches by 53.7 K at ξ = 0.5). Thus, introducing thermally activated premelting and melting leads to an alternative definition of the melting temperature. Comparison with the experimental melting temperature from Ref. [6] for Al nanoparticles of various radii demonstrates good correspondence for ξ in the range of 0.8-1.2 nm. All these and other results are summarized into a sophisticated θ -¯ ξ transformation diagram for barrierless and thermally activated melting, which also includes barrierless and thermally activated solidification and transformation from melt to SM. While some transformations are possible at fixed ξ and variable temperature, others can occur at variable¯ ξ only. In particular, SM at large¯ ξ is achievable during thē ξ increase only, leading to complex processes for different θ -¯ ξ trajectories. Finally, in one of the regions of the θ -¯ ξ transformation diagram, transitions in both directions can occur simultaneously via thermal fluctuations for some θ and ξ . This leads to bistable states and switching between them. Thus, switching between solid and melt is found for a 2-nm Al particle, which is in agreement with MD simulations [9] and experiments [16, 17] . The bistable state between solid and SM is predicted for up to 5-nm particles. Obtained results introduce additional scale effects and thermally activated nucleation in the phase field approach for melting, SM, and solidification of nanoparticles; this changes the interpretation of the experimental data, which is different for slow and very fast heating. It opens an unexplored direction of controlling SM and melting or solidification by controlling¯ ξ through changing the surrounding medium and surface treatment.
II. MODEL
In addition to the order parameter η for melting with the values of 0 and 1 for melt and solid, respectively, we introduce the order parameter ξ that describes transition between particle (solid or melt) and surrounding material (e.g., gas) in the external surface layer, which is 0 for particle and 1 for surrounding. The Helmholtz free energy per unit volume can be written as:
where ψ θ , ψ ∇ and ψ ξ are the thermal and gradient energies and energy of the external surface layer, respectively; θ e and θ c are the solid-melt equilibrium and the melt instability temperatures; ∇ and β are the gradient operator and gradient energy coefficient, φ(η) smoothly connects material properties of solid and melt
, and H is the heat of fusion. Without ψ ξ Eq. (1) coincides with the traditional melting-solidification model, e.g., in Refs. [7, 8] . Since we do not intend to study evaporation of particles, we assume the simplest expression for ψ ξ for equilibrium external surface [19] :
where W and β ξ are the material parameters. They are expressed through the width of the surface layer ξ and the variable surface energy γ (η) of the external surface (different for solid and melt) from the condition that stationary planar particle-gas interface ξ s (r) has energy γ (η). Width ξ is defined as the distance between points where φ(ξ s (r)) = 0.01 and 0.99; a similar definition was used for the width of solid-melt interface η . The corresponding Ginzburg-Landau equation for η and ξ has a form [19] :
where χ and χ ξ are the kinetic coefficients. We assume a stationary surface layer profile
where r is the spherical radial coordinate, and neglect its slight variation with heterogeneous variation of η, which can be obtained by solution of the Ginzburg-Landau equation for ξ (4). This is equivalent to consideration of a stationary solution to Eq. (4) with neglected last term. Surface energy is accepted in the following form [7, 8] 
where γ s and γ l are the surface energy of solid and melt, respectively.
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A more explicit expression for Ginzburg-Landau equation
It can be presented in dimensionless form by dividing all length-related parameters by η , time by 1/(χH ), and energies by H . The finite element method and code COMSOL have been utilized for simulations.
To provide a smooth transition from gas (ξ = 1) to particle (ξ = 0), the surface layer region is considered to be of thickness 6 ξ , half of which is inside and half outside the particle of radius R. Only half of the particle-gas interface with 0 ξ s 0.5 belongs to the particle r R. Thus, we prescribed this part with double energy and applied the boundary condition dη/dr = 0 at r = R. This is equivalent to the consideration of the entire surface layer, but more convenient for computations. Strictly, ξ s is an analytical solution for a planar interface or a spherical interface for radius R ξ . However, we found numerically that it describes well the profile for a spherical interface down to few-nm particles. Solutions for the critical nucleus have been found by using solver for a stationary equation with a properly chosen initial guess. While the stable solutions are spherically symmetric and can be found within one-dimensional (1D) spherically symmetric formulation, for the critical nucleus it is not necessarily spherically symmetric and 2D axisymmetric formulation has been used. However, in some range of parameters, solution for the critical nucleus became spherically symmetric. The spherical critical nucleus can be obtained using a 1D model, which reduces computational time by at least two orders of magnitude. Melting temperatures obtained using the 1D model are within 2 K difference of those obtained from the nonspherical model, which is within an acceptable difference range. Thus, we use gradient and Laplacian operators for spherically symmetric and axisymmetric formulations, respectively.
For aluminum nanoparticles, the following material properties are used in this study [8] considered as the appearance of the surface melt. At heating this value decreases down to some critical η c , then SM loses its stability and transforms to homogeneous melt (M) along curve SM→M, which is usually interpreted as melting temperature θ m . Note that for plane interface (R → ∞), one has η c = 0 and transition to melt is smooth [7, 8] . The melting temperature for a small¯ ξ slightly decreases with¯ ξ : θ m = 877.62-18.29¯ ξ and is well below the bulk melting temperature θ e = 933.67 K. Weak dependence of θ m on¯ ξ is related to fact that the dimensionless thickness of the molten layer when it loses its stability is in the range 0.37-0.44 and is several times larger than¯ ξ . After complete melt is obtained it stays at cooling until curve M→S is reached, where melt transforms directly to solid without the surface molten layer. Solidification starts at the center (because it is suppressed at the surface) and propagates through the particle. It is important to note that the solidification occurs below the melt instability temperature θ c = 746.9 K, i.e., when free energy does not even have the minimum for bulk melt. Solidification temperature slightly reduces with¯ ξ : θ s = 733.3-5¯ ξ . Overcooling for barrierless solidification is also related to higher surface energy of the solid than melt and small particle size. When cooling occurs after the molten layer is obtained but before reaching melting line SM→M, surface melt gradually and reversibly transforms to S for¯ ξ <¯ melting), reverse transition SM→S occurs along SM→S curve. Thus, the line S↔SM for continuous transformation splits into two lines for direct and reverse transformations with the hysteresis region between them. Again, if the temperature is increased after the surface melt is obtained, the surface melt transforms discontinuously to melt along line SM→M. In the triangular hysteresis region between these curves, the designation S↑M↓SM↓ means that the particle is in a solid state at heating from S, in a molten state at cooling from M, and in a surface melt state at cooling from SM. Below the black and brown curves, designation S↑ M↓ (S↓ ←SM) means that particle is in the solid state at heating from S; in the molten state at cooling from M, and in the solid state at cooling from SM.
After the intersection of S→SM and SM→M curves at ξ =¯ * ξ = 0.16, the solid transforms directly to melt along curve S→M, without surface melting. Lack of the surface melting leads to a drastic increase in the melting temperature and a jump in the slope of the melting curve at¯ ξ =¯ * ξ . Note that melting temperature and¯ * ξ reduce with a reduction in particle size, starting with θ m = θ e and¯ * ξ = 0.23 for plane interface (Figs. 3 and 4) . For plane interface, the melting temperature is constant below¯ * ξ . After melt is obtained, reducing temperature changes melt to solid along line M→S. 
IV. THERMALLY ACTIVATED TRANSFORMATIONS
While for¯ ξ >¯ * ξ there is no SM that can be obtained barrierlessly at heating without changing¯ ξ , a stable SM layer can be obtained, for example, from initial conditions η = 1 for r < r * and η = 0 for r * r R (e.g., for r * /R = 0.71). Such an SM can be achieved from the solid by thermal activation, provided that the kinetic nucleation criterion is met. Consequently, one more unstable stationary solution for the SM exists, which represents a critical nucleus between solid and SM. Solutions for the critical nucleus have been found for various θ,¯ ξ , and R and their energies are evaluated. For a 5-nm particle and¯ ξ = 0.17 (Fig. 5) , a nonspherical critical nucleus between solid and SM changes to a spherical one as temperature reduces. This is a much unexpected geometry. Also, the profile does not follow a monotonic trend with temperature (Fig. 6) .
We accept traditional criterion for thermally activated nucleation, E = E CN − E 40 kθ, where E CN and E are the energies of the critical nucleus and a state from which a jump to the critical nucleus occurs, respectively, and k is the Boltzmann's constant. In Fig. 7(a) , below 856.2 K, the difference between energies of critical nucleus and SM is below 40 kθ, i.e., the system can jump from SM to critical nucleus. After the solution for the critical nucleus is introduced as an initial condition, small positive perturbations in η lead to a stationary solid, while small negative perturbations return it back to surface melt. At 849.38 K, energies of a critical nucleus and SM are equal (Figs. 7 and 8) . At 849.37 K, SM transforms barrierlessly into a solid and critical nucleus ceases to exist. Above 849.38 K, a jump from solid to critical nucleus is possible as well, leading to the appearance of SM, which exists up to 874.5 K and at higher temperature transforms barrierlessly into melt. Remarkably, between 849.38 K and 856.2 K both direct and reverse transformations between solid and SM are possible, i.e., the system will switch spontaneously in time between these two states, exhibiting the bistable state.
We investigated the possibility of bistable states between solid and melt. While for a 5-nm particle with¯ ξ = 0.17, they cannot be found, for a 2-nm particle bistability occurs for¯ ξ = 0.033-0.17 [ Fig. 7(b) ]. For example, for¯ ξ = 0.067, the temperature range for bistability is 738.0 K to 758.45 K; for 758.45 K, energies of the critical nucleus and molten layer are equal and no critical nucleus exists above 758.45 K, since solid transforms barrierlessly to melt. This is why for¯ ξ = 0.033, 0.067, and 0.1, blue curves in Fig. 7(b) do not intersect with the 40 kθ energy line. Our result for a size range of bistability between solid and melt are in agreement with MD simulations [9] . However, the bistability temperature range of ∼525 K to 590 K for a 2-nm particle in Ref. [9] , is approximately 200 K below our bistability temperature range. Note that the melting temperature of ∼550 K for a 2-nm particle in Ref. [9] is also 240 K below that from experiments [6] (790 K), while our results are in good correspondence with experiments (Fig. 11) . Also, such a tendency (i.e., fluctuational disordering-solidification for a 2-nm particles and fluctuational appearance and disappearance of the disordered layer for larger particles) was observed in CdSe crystals [20] .
V. COMPLETE TRANSFORMATION DIAGRAM
Excluding barrierless two-way continuous transformations S↔SM for¯ ξ < 0.083, all other transformations may occur via critical nucleus at smaller driving forces (Fig. 9) . Thus all dashed lines in Fig. 9 correspond to the fulfillment of the criterion E = 40 kθ for corresponding critical nucleus. In particular, along the dashed straight line M→SM (CN) with θ = 803.25-3.488¯ ξ , a molten particle fluctuationally transforms to the SM during cooling. Similarly, along the dashed straight line M→S (CN) with the slope −0.778 K, the molten particle transforms to the solid. Solidification via critical nucleus occurs ∼72 K above the barrierless solidification. In a similar way, straight dashed lines SM→M (CN) with slope −13.46 K below¯ ξ = 0.16 and −20.73 K for¯ ξ > 0.16 for kinetic transformation of a SM to melt is parallel to the similar line SM→M for barrierless melting of the SM and is ∼5.4 K below. The line SM→S (CN) for kinetic solidification of a SM is 0.85-7.5 K above the corresponding line SM→S for barrierless solidification. As a result, the temperature range for the existence of an SM when thermal fluctuations are taken into account is essentially narrower than for thermodynamic treatment. The line S→SM (CN), along which the solid is transformed into a SM via critical nucleus starts from the same point A from which the thermodynamic S→SM and SM→S curves and the kinetic SM→S (CN) curve exit. Close to the point A, the kinetic S→SM (CN) curve practically coincides with the thermodynamic curve SM→S for the opposite transformation. At point A the energies of SM, solid, and critical nucleus between them are equal and the critical nucleus and molten layer do not exist at a lower temperature. Kinetic S→SM (CN) and barrierless SM→S curves coincide for¯
For larger¯ ξ , the kinetic S→SM (CN) curve is essentially higher than the thermodynamic SM→S curve. After the kinetic curve S→SM (CN) intersects and is above the kinetic line SM→M (CN), a double transformation occurs: first, a solid transforms to an SM, then the SM transforms to melt, both through critical nuclei. Above the dotted thermodynamic line SM→M, SM does not exist because it melts barrierlessly. That is why along the kinetic blue line S→M (CN) the solid directly melts via a critical nucleus. Remarkably, in the hatched region between the lines S→SM (CN) and SM→S (CN), both appearances of an SM and its reverse transition to the solid are possible. That means that the system is in a bistable state and SM will spontaneously appear and disappear in time.
An additional insight can be obtained by analyzing temperature variation of energies of solid, surface melt, melt and critical nuclei for some fixed¯ ξ , e.g.,¯ ξ = 0.17 ( Fig. 10) , which is slightly above¯ * ξ and passes through the bistability region in Fig. 9 . This analysis should be supplemented by data from Figs to be overcome by thermal fluctuations, and transformation from melt to solid is kinetically impossible; it occurs at lower temperature below line S→M (CN) in Fig. 9 . Above temperature corresponding to the line S→SM (CN), surface melt appears as the metastable phase, which can be achieved via thermal fluctuations from solid but not from melt. Below temperature 856.2 K corresponding to the line SM→S (CN) reverse jumping from surface melt to solid is possible. The system is in a bistable state between 849.38 K and 856.2 K (Fig. 7) . At θ S-SM e energies of solid and surface melt are equal and the probability of finding the system in any of these phase is equal. Above θ S-SM e surface melt is stable and more probable; below θ S-SM e solid state is more probable. Above θ
S-M e
, melt is getting more stable than solid but less stable than surface melt (below θ
SM-M e
). Above θ SM-M e melt is the most stable phase. Surface melt is still metastable below 870.05 K above which it transforms to melt via critical nucleus. At 874.48 K the energy of the surface melt and critical nucleus between surface melt and melt are the same and above this temperature surface melt ceases to exist. If heating is fast enough so that the critical nucleus does not have time to appear, then solid exists up to 876.8 K at which energy of the solid and critical nucleus between solid and melt are the same and above this temperature the solid melts barrierlessly.
VI. INTERPRETATION OF EXPERIMENTAL MELTING AND SOLIDIFICATION TEMPERATURES
In the sharp-interface approach, usually the melting temperature is determined from equality of the free energy of melt and solid with or without SM (see, e.g., Refs. [12, 18] ). However, due to hysteresis these are not actual transition 075427-7 temperatures (see equilibrium temperatures for¯ ξ = 0 vs transformation temperatures in Fig. 9 ). When barrierless SM was suppressed by not fulfilling the necessary condition γ s − γ l > γ sl , simplified kinetic approaches were applied [10, 11] . They have never been applied when barrierless SM was possible. In the phase field approach [12] , melting temperature also was defined by equality of the free energy of complete melt and solid. In Refs. [7, 8] we defined melting temperature as the transformation temperature at which SM losses its stability and transforms to melt. Here, in Fig. 1 , we extended the same definition for barrierless transformations between solid, melt, and SM as function of¯ ξ . Since in Fig. 1 thermal fluctuations are neglected this transformation diagram is valid for very fast heating/cooling only. Figure 9 offers a much more realistic transformation diagram for traditional heating/cooling rates, based on kinetic nucleation criterion. Since critical nucleus does not represent complete phases η = 0 or 1 but some intermediate states, and because of necessity to resolve external surface, surface melt, and solid-melt interfaces, a similar kinetic sharp interface approach could not be applied. Kinetic results differ essentially from results based on equality of energies and barrierless nucleation. Thus, for 5-nm particles, in comparison with barrierless transformations, the kinetic approach extends the region when SM can be obtained at constant¯ ξ from¯ * ξ = 0.16 to¯ k ξ = 0.28, reducing the melting temperature by 5.4 K below¯ * ξ (for SM to M transformation) and by 5.4-53.7 K above¯ * ξ and below¯ ξ = 0.5. It also introduced kinetic transition from melt to SM, which cannot occur barrierlessly. Thermally activated solidification of melt occurs by 72 K higher than barrierless solidification. A comparison of predictions of the kinetic melting temperature with the experiment [6] for Al nanoparticles of different radii is presented in Fig. 11 . It allows us to choose the best value for¯ * ξ for Al. Thus, the best fit to experiment is at ξ = 1.2 nm (¯ ξ = 0.4) for R = 2 nm; at ξ = 1.0 nm (¯ ξ = 1/3) for R = 5 nm; at ξ = 0.8 nm (¯ ξ = 0.267) for R = 28 nm, i.e., ξ slightly reduces with increasing particle size. For R = 5 nm, melting for¯ ξ = 1/3 in Fig. 9 occurs at 883.25 K directly from solid (i.e., without surface melt) along the dashed line S→M (CN). This is 48.6 K below the barrierless melting temperature S→M and 24.8 K above the equilibrium solid-melt temperature θ S-M e = 858.5 K.
VII. CONCLUDING REMARKS
To summarize, an advanced phase field approach to surface melting, melting, and solidification of nanoparticles is developed that takes into account two neglected phenomena: finite width of the external surface ξ and the possibility of thermally activated nucleation via critical nucleus. This resulted in (a) the revealing of previously unknown scale and kinetic effects, (b) the development of a sophisticated θ -¯ ξ transformation diagram for barrierless and thermally activated melting, solidification, and transformation from melt to SM, and (c) redefining the interpretation of the experimentally measured melting temperature. Even for¯ ξ = 0, including thermally activated nucleation for 5-nm Al particle reduces melting temperature by 5.4 K and introduces a new regime: instead of barrierless solidification at 733.3 K, it leads to thermally activated solidification at the center while keeping surface melt at 803.25 K followed by continuous reduction of surface melt and its disappearance below 763 K. With increasing¯ ξ , several new regimes and effects are found. Thus, for barrierless nucleation, an increase in¯ ξ first leads to a sharp increase in the temperature for initiation of the surface melting; then continuous surface melting is substituted with jumplike appearance and disappearance of the molten layer with temperature hysteresis; finally, the solid transforms directly to complete melt without surface melting, which leads to a drastic increase in melting temperature. When one varies¯ ξ in addition to θ , surface melting can be obtained in the last region by increasing¯ ξ , which drastically reduces melting temperature and increases solidification temperature. Including thermally activated nucleation for finite¯ ξ leads to new qualitative and quantitative effects and states. Thus, it reduces essentially the temperature for the appearance of surface melt in the range¯ ; and it leads to significant reduction in the melting temperature (e.g., by 48.7 K at¯ ξ = 1/3) in comparison with barrierless melting without premelting for ξ >¯ k ξ , still significantly above the melting temperature at ξ = 0. Also, bistable states and switching between them are found between solid and melt for 2-nm Al particles (in agreement with MD simulations [9] and experiments [16, 17] ). The bistable state between solid and surface melt is predicted for up to 5-nm particles. Note that for CdSe crystals [20] , fluctuational disordering solidification for 2-nm particles and fluctuational appearance and disappearance of the disordered layer for larger particles was found both in experiments and atomistic simulations. Solidification temperature increased by 71.3 K (for¯ ξ = 1/3) in comparison with barrierless consideration. Results for barrierless processes can be applied for very fast heating only, for melting during time when thermal fluctuations are negligible. For slow heating, for comparison with experiments, one has to use results that include thermal fluctuations, which was never done before for surface-induced premelting and melting [7, 8, 12, 14, 15, 19, 21] . With thermal fluctuations, we obtained a good correspondence with experimental melting temperature from Ref. [6] vs R for ξ in the range of 0.8-1.2 nm, with ξ slightly decreasing with growing R. Without thermal fluctuations, results are quite different (Fig. 4) . Phase equilibrium temperatures (Fig. 11) do not correspond to any transformation temperature. Since critical nucleus does not represent complete phases η = 0 or 1 but some intermediate states, and because of necessity to resolve the external surface, critical nucleus, and solid-melt interfaces, a similar sharp interface approach [22] could not be applied. While for infinite sample and¯ ξ = 0 width of molten layer h ∼ ln (B/(θ − θ e )) with some B, which continuously diverges for θ → θ e [13] , for nanoparticles for zero [7, 8] and finite¯ ξ , h deviates from logarithmic dependence and has jumps in all cases described in the paper, when η has a jump or when transformation occurs via critical nucleus. This dependence exhibits hysteretic behavior and depends on trajectory in the θ -¯ ξ plane. Obtained results open an unexplored direction of controlling SM and melting or solidification by controlling the width of the external surface and utilizing predicted phenomena. They also can be expanded for other phase transformations (e.g., amorphization, solid-solid diffusionless, diffusive, and electromagnetic transformations) and phenomena, as well as for nano-objects of various geometries (films, tubes, and wires). Materials with surface-induced solidification (rather than melting) can be considered in the same way. A similar approach can be developed for internal surfaces (grain boundaries and immobile or propagating interfaces inside of composite or multiphase materials) and for solid-solid transformation via intermediate melt [23] . Combination with advanced mechanics for melting [7, 8] and solid-solid transformations [19] may play an important role, in particular, for particles covered by a (oxide) shell [3] , imbedded in a matrix [11] , or in contact with a wall [24] .
It is clear that the applicability of the phase field approach to the scale of several atomistic distances can be questioned. However, we would like to stress that phase field approach always includes treatment at atomistic scale because it resolves interfaces, which are several atomic layers thick, e.g., in Ref. [25] , devoted to molecular dynamics and the phase field approach to melting, solid-liquid interface width is 0.7 nm for Ni. In our case for Al, it is 3 nm [7] (note that the definition of the interface width in Refs. [25] and [7] differ) and the width of the surface layer is 0.8-1.2 nm. For martensitic phase transformations and twinning, the interface width is ∼1 nm [26] . For dislocations, dislocation height is two interatomic distances, Burgers vector is one interatomic distance; both should be resolved with the phase field approach [27] . In the phase field crystal approach [28, 29] , differential equations are used to describe the position of each atom. All these continuum approaches at the nanoscale have been calibrated and verified for different cases with atomistic approaches and experiments. Our current model also exhibits good comparison with experiments on the size dependence of the melting temperature (see Fig. 9 ) and on the width of the surface molten layer vs temperature in the range of 0.3-1.2 nm for plane interface [7] . In some cases (see Ref. [7] for melting temperature of nanoparticles and here for temperature of bistable state) the phase field approach gives an even better description of the melting of nanoparticles than MD. The reason is that the phase field approach is based on and calibrated by thermodynamic functions in bulk and kinetics of interface, and nanoscale features are included through interface width and energy of an interface, which is few interatomic distances thick. In contrast, it is more difficult to include similar desired information in the interatomic potential in MD. There are many other examples in which the continuum thermodynamic approach works surprisingly well even beyond its expected limit of small-scale applicability. This was mentioned in relation to the nucleation problem, where all fields are determined for the critical nucleus consisting of dozens of atoms [30] .
